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Lemezelméletek

Klasszikus lemezelmélet|(Kirchhoff-Love, 1888): Az Euler-

Bernoulli gerendaelmélet kiterjesztése lemezekre:

* a kozépfelliletre merdleges egyenesek az alakvaltozas
utdn is egyenesek és merdSlegesek maradnak a
kozépfellletre (nyirdsi alakvaltozds elhanyagoldsa)

* alemez vastagsaga nem valtozik a lemez alakvaltozasa
soran

Mindlin-Reissner lemezelmélet (1945)

* akozépfeliiletre merdleges egyenesek az alakvaltozas
utdn is egyenesek lesznek, de nem maradnak
merdlegesek a kozépfeliletre (nyirdsi alakvdltozas
figyelembe vétele)
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Alapfeltevések

* a lemez anyaga homogén, izotrop, linearisan
rugalmas

* a lemez vastagsaga allando

a lemez vékony (h/| ,,<0.1)

a lemez kis elmozduldst végez (w<0.2h), a kdzépsik

normalisan lévé pontok az alakvaltozas utanis a

normalison maradnak

els6rendd elmélet

nem keletkeznek a lemez sikjaban haté reakciderdk
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Feszultségek a lemezben
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Igénybgvételek a lemezben
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Lemezek szamitdsa

—h/2

—h/2 6

Egyensulyi egyenlet
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Egyensulyi egyenlet
9q. dq, 99, , 94,
ZFiZ' Ep dxdy+adydx+pdxdy—0 ¥+E+p—0
My 9q, dy _
Ep dxdy + q,dxdy + 3y dydx > = 0
am, dm,,
——+q,=0 q},=_y i
dx ) ay dx
7 _dm,  Omy,
T =55 ay
om,
i *ox
iy,
/"ax—“dx
qx+ 9 v dx
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Egyensulyi egyenlet

0 = am, N om,, 0 = am, N am,,
dx ay ay dx
aq., qu
ox Ty tP=0

*m, _0d*my, d*m

2 =0
dx? * dxady * ay? TP
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Geometriai egyenletek
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: dx dy
_.0w __0w
u= é)XAZ V= ilV VA
( )= du ?w(x,y)
Y 2) =5 T 9x2
v a%w(x,y)
& (x,y,2) = ay - oy -
du dv ?w(x,y)
1 = + e
Vey (%,7,7) dy  dx dx0dy ?
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Anyagegyenletek
E E  (*w(xy)  d*w(x,y)
Jx(x,y,Z)=m(sx+vey)=—1 UZ( 5z T 3y )z
E E  (9*w(xy) 0*w(xy)
o*y(x,y,z)=—1_vz(ey+v£x)=—1 uz( 3y +v Fp%: )z
ey, 2) = o = w(x,y) E  8*w(xy)
Loy 0 Y, 2) = Gy = 20 +v)" dxdy = (1+4v) dxdy ?
+h /2 5 ) +h/2
E  (9°w(x,y) 0°w(xy)
= dz = — 2 d
my f o (x,y) z dz 1—v2( Ep +v 3y z°dz
—h/2 —h/2
+h/2
2 d h3 K Eh3 L ,
z°dz =— =
). 12 2(1—09) emezmerevseg
?w(x,y)  *w(xy)
=-K
m, ( Dl )
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Lemezegyenlet
+h/2
’w(x,y) 9*w(x,y)
m, = o.(x,y)zdz = —K( Fps v 3y2 )
—h/2
+h/2
_ by - 2w(x,y)  9*w(x,y)
m, = a,(x,y)zdz = —K 32 U 32
—h/2
+h /2
0°w(x,y)
Myy = —Myx = Ty (x,y) zdz = —K(1 — U)W
—h/2
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Lemezegyenlet

32w (x,y) %w(x,y) a%w(x,y) %w(x,y) 2w (x,y)
m, = 71(( Fp ”a—yZ) m, = 71(( 3y? v FPa ) My, = —my, = —K(1—v) xdy
a%m, _d*m, 9*m
42— 4+ X4p=0
dx? dxdy  dy? P
2
R i IR ol 7 0 O G i
K dx? +2 Axdy ay?
+p=0
a*tw(x, a*tw(x, *w(x,
K (4y)+ 2( }2')+ (431) +p=0
dx dx<dy ay
twy) 0twy) dtwy) p
dx* 0x%0y? ay* K
AA P A= 0 + o Lapl At
w=r =02 T3y aplace operator
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Nyiroerdk
Zw(x,y) . 22w(x,y) 2w y)
_omy omy, a( aZ . TV gy2 )+a((1 V) " gzay
T ="ax ay dx dy
_ Pwlx,y)  FPwilxy)\ _ 9 (0°w(x,y)  @°wx,y)\ _ i)
- _K( ax3 dxay? ) h _Kﬁ( dx? * ay? ) - _Ka(AW)
am, omy, a [2*w(x,y) d*w(x,y) a
= + = —K— + =—K—(A
T =5y dy ox dx? y? 6x( W)
am am 9 [*w(x, 0%w(x, d
fb’:_y"'—xyz_K_( (zy)+ (zy)):_K_(AW)
dy dx dy dx dy dy
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Peremfeltételek

Merev befogas:

aw

wrp =10 fPr,r=EF=

Csuklés megtamasztas:
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Pwixy)  *wlny)
wp =20 m,r= ( ERY: ] 3.2 ) =0
r
15
Peremfeltételek

Szabadszél:

02w N 0*w 0
- Y —— —
on? ot -

Qn,r = TL

3w
K ans T
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Peremfeltételek
a

/')E

b
Yoo w(xy)

, 6w
Befogas: pl. x=0, x=a w =0 ¢y =75-=
B B 6w
pl. y=0,y=b w=0 O =50 =
. 9%w é‘zw azw
Csukla:  pl. x=0, x=a w=0 k,= Py =0 vagy a =0
y?
a%w é‘zw 2w
pl.y=0,y=b w=0 k,= a—yz = () vagy a—yz +W =0
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Peremfeltételek
a

b S -
Yo wixy)

0tw 04w

Szabad perem: pl.x=0,x=a m, = FPel +U6TJZ =0
_ 0w r2—) Pw
T =553 v dxdy?
atw  0?
p|.y=0,y=b my, = a—yz W =0
_Pw r 2o a*w
T =53 ayox?
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Navier-féle megoldas
a

>
X

p(xy)

)<« EREREER: 3
y/ A | = na-w

OFwly) L, 0wy) o'wly) p(y)
dx* dx2ady? ay* K
. o 8%w
Csuklo:  pl. x=0, x=a w=0 Ky =57 = 0
9%w
pl.y=0,y=b w=0 rcx=a—yz=0
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Navier-féele megoldas

a*w(x,y) 26”‘W(x.y) *wie,y) plxy)
dx* dx2ady? ay* K

. mm nmy
P(X,JJ) = Z Z Pm pSIN— 0 smT
m n

b
4 [ nmwy
Pmn = p(x,v) sm—sm—dydx
00

b

mn nmy
Winn (x, }’) = Wy pSIN——— sm _—
a b
m n
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Bazisfliggvények

1 m=1,n=1

08 1

B/ m=3,n=1

mnx _ nmy
Qs (6,Y) = sm—smT
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Navier-féle megoldas
*twlx,y) _d*w(x,y) 8*w(xy) plxy)
dx* dx2ady? 6y4 K

mmc nmy
Winn (X y) Z Z Wi nS ——sin T

9* W (%, y) mﬂ' . mmx nmy
ST Wi S —— smT
9 W (6, ) _ mﬂ mr mmx  nmy
Tax2ayr ) — wm ,sin sin -

6 Wmn (JC }’) TUT mmx nmwy
T Wy, n sin—— 0 sin—-—

Winn ((?)4 +2 (%)2 (%n) + ( b K

Pmn Pmn

mimx : nﬂ:y pm no.
sin sin—— = in

minx

e (@2 G Q) ke (@
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Fourier-sor

nmy

sin——

b
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Navier-féle megoldas

p(x,v) = p = allandé
a b
4 mmx _ nmwy 439 a mimxq% nmy,?
Pmn =Epjfsm—sdeyd P COST]OE COST]U =
00
5 16
0 hamvagyn paros | - _2p = 1,6211p
= 16p sbként T 16
mni? cgyebien P13 = P31 = % = 0,5404p
16p P 16p
p3,3 = w = 0,1801p p3,5 = ,U5,3 = H = 0,1081p ,U5,5 25T 0 0648p
16p
prepm— mmx N
Wmn (JC, y) = Z Z AT 5 sin sin Y
K 4(@)2 +(n)2) a b
T a b
16p 1 . mmx _ nmy
Winn (x, .}’) Z Z > 7z sin sin 5
m n
m n —_ —
(%) +(5))
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Navier-féle megoldas
16p 1 . mmx | nmy
Wmn (x! }’) = Z Z 2 N sin sin
m n a b
n —
() +(5))
Kozépso pont lehajlasa
(a b) . MmmxX nmy MW Nm _ (- 1)mz+ﬂ_1
Winn |55 sin— sin 2 = sin 5 sin >
a=b négyzet alaprajzulemez esetén
m+n

-z

Z Z mn((m)? + (n)?)?

(.1(1.

W?Ti n

16p (- 1) 2 - 16pa*
K“GZZM((%)%@)Z)Z
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Navier-féle megoldas

aa 16p (1)2_ 16pa* -z !
Wi ( WZZ - 27 Ko szn((m)2+(n)2)2

() + @)

1+1
N (a a) 16pa* (-1)Z *  16pa*1
m=, = "a\29) T ke 10+ D2 T Kn® 4
m=1, n=3 4 141, 18, 4
( a) (a a) 16pa”( (-1) z +(—1) 2 ~ 16pa (E_L)
W13 Kt \1(1+ D2 31+ 92 | Kkn® \4& 300

m=3,n=3 Wws3 (

1+1 3+1 1+3
aay, 1epa*{(-Dz ' (-Dz ' (-Dz ' (- 1)__1
22) = F? TA+DZ T30+1D2 30 +97% T 90 +9)

27300 300 2916

16pa4(1 1 1 1) 16pat

= Kn® K
w (E E) = 16pa’ 0.2440939 % = 99,8%
TEAN2T2 Km® 0.2440939 '
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Navier-féle megoldas

a,b oldalu téglalap alaprajzu lemez esetén:

16p 1 . mmx ~ nmy
Win (x,y) =KT[E’ZZ 2 2 5 SN B sin 5
m((3) + ()
azwmn (x, y) azwmn (x,}I)
Mmn = —K dx? ke dy?
mmy 2 nmy 2 mmx _ nmwy
=KD ((7) +v(F) Jsmn=gsin >
\2
(b) mmx  nmwy

Z;m( @+ ()

a=b esetén a kozépsd pont ha]lltonyomateka

16pa m2 + nZy min_
Mxmn = ZZmn(mz +n2)2( Dz
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Navier-féle megoldas

a=b esetén a k6zépso pont hajlitdbnyomatéka:

16pa m? +n%v min_,
Mxmn = ZZmn(mz nz)z( Dz

L6pa ((1 F)EDTTE A+ T @+

My33 =

p 10+102 T 30792 T 3@+12

9+ 91})(—1)%1) _ 16pa? ((1 £) (49 O+ O+ %))

9(9 +9)2 t 4 300 300 2916

16pa?
0,0307 + 0,0037) = ry

16pa?
V=02 Myopew = T0,2691

U= 0,2 mx,s,s =
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Polarkoordinatas alak
-+

= arct, 4
¢ = C

X =71 COSQ y =71 sing
Laplace operator:

4\@ -
d }ON(IJ'FG_O-QCIF
a2 102 19

aTr ITreqr A — ——— + ——

’/ /Tr(p+ 912 292 a
6'{
—-ord
'y T(pr"'a(p @ AAW(r, ) = p(KJ‘(P)

9* 1 9% 10\/0*w 19*w 10w\ »(,0)
bt [t o+ | =
92 2997 v )\a2 T2092 70 K
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Korszimmetrikus alak

p(r, @) e AAw ()_p()

AAW(r, @) = e X

p d> 1d 1d d
Laplace operator: A() = 0z + —o= _d_( r— O)
d

L)

2
1 |: |: |: (f(x)) {1 | simplify — —f(r) +
T |dr

Tt T8 e a0 K

AA 14y,
i
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VEGE

K6sz6nom a figyelmet!

Osszedllitotta: Dr. Hortobagyi Zsolt
BME Tartdszerkezetek Mechanikaja TSZ
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